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SYSTEMS AND METHODS OF ANALYSIS OF
GRANULAR ELEMENTS

CROSS-REFERENCE TO RELATED
APPLICATIONS

The present invention claims priority to U.S. Provisional
Patent Application Ser. No. 61/586,604 entitled “Granular
Element Method (GEM)” to Andrade et al., filed Jan. 13,
2012. The disclosure of U.S. Provisional Patent Application
Ser. No. 61/586,604 is herein incorporated by reference in its
entirety.

STATEMENT OF FEDERALLY SPONSORED
RESEARCH

This invention was made with government support under
CHE1060087 awarded by the National Science Foundation.
The government has certain rights in the invention.

FIELD OF THE INVENTION

The present invention generally relates to analysis of par-
ticulate systems and more specifically relates to the simula-
tion of particulate systems based on Newtonian mechanics in
a way that accounts for the morphology of the particles.

BACKGROUND

Particle morphology can be characterized, in general, by
three properties: sphericity, roundness, and roughness. These
properties are sometimes referred to by other names such as
shape, angularity, and surface roughness, respectively. In
either case, these properties are scale dependent, as they
measure morphological characteristics at different length
scales, with increased spatial resolution needed to measure
roughness, for example. Particle morphology has been shown
to be crucially important for macroscopic properties in granu-
lar materials. Some of the most critical macroscopic proper-
ties used in engineering and science are strength and perme-
ability, and both of these are intimately affected by particle
morphology. In the case of macroscopic strength, it has been
determined that lack of sphericity, sharper angularity and
increased roughness all lead to increased mobilized strength
in granular materials. This macroscopic effect is due to micro-
mechanical effects such as increased number of contact
points. Therefore, accurate micromechanical models for
granular materials should be able to correctly capture particle
morphology if they are to correctly predict the macroscopic
strength in real materials such as sands.

The Discrete Element Method (DEM) was introduced in
order to reveal micromechanical features that were simply not
accessible to continuum models. This modeling paradigm has
allowed tremendous access to understand most features of the
micromechanical behavior of granular materials and link
them with macroscopic response. DEM starts with the under-
lying assumption that particles are discrete elements and by
utilizing numerical methods computes the motion and effect
of a large number of such particles. A DEM simulation typi-
cally involves first generating a model that results in spatially
orienting all particles and assigning an initial velocity. Next,
the forces that act on each individual particle can be calcu-
lated using initial data, relevant physical laws, and particle
contact models. All the forces are added together to find the
total force acting on each particle and an integration method
computes the change in the position and the velocity of each
particle during a particular time step. The resulting new posi-
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tions of the particles are used to compute forces for the next
time step and the process is repeated until the predetermined
time period for the simulation is completed. DEM is a pow-
erful analytical tool and has applications in chemical, civil
engineering, oil and gas, mining, mineral processing and
pharmaceutical industries to name a few.

Increases in computational power have allowed for longer
simulations and the inclusion of more particles when con-
ducting DEM calculations. However, the link to macroscopic
response remains mainly qualitative (as opposed to quantita-
tive) in large part due to the challenges within DEM of accu-
rately capturing particle morphology. Clustering and polyhe-
dra are currently two widely discussed techniques that can be
used to capture three-dimensional particle morphology in
natural materials. Clustering is relatively simple to imple-
ment in current codes but cannot represent particle curvature
readily, which could impact contact properties such as normal
and tangential forces, thereby potentially changing macro-
scopic response. On the other hand, polyhedra can represent
complex geometrical entities fairly well (especially in two
dimensions), but contact detection algorithms available for
these geometrical entities are rather complex (especially in
three dimensions) as they introduce the need to deal with
face-to-node, node-to-node, and face-to-face contact.

New characterization tools such as X-ray computed
tomography (CT) enable direct measurement of particle mor-
phology, as a function of imaging resolution. Generally,
X-ray CT utilizes computer-processed X-rays to produce
tomographic images or cross-sectional images of a particle
non-destructively. Although, the resulting images provide
accurate measurements of particle morphologies, the current
DEM techniques such as clustering and polyhedral based
methods are limited in their ability to capture particle mor-
phology for the purpose of performing quantitative analysis
of macroscopic response.

SUMMARY OF THE INVENTION

Systems and methods are described for performing
mechanical analysis of particulate systems by describing par-
ticle morphology of particles within the system using Non-
Uniform Rational Basis Spline (NURBS). One embodiment
of'the method of the invention includes: generatinga NURBS
description for the particle morphology of each of a plurality
of particles within a particulate system using a processing
system, where the NURBS description of a given particle
within the particulate system includes a plurality of control
points that define a control polygon bounding the geometry of
a NURBS curve, a knot vector that determines the location of
a plurality of knots, a basis function of a predetermined
degree that determines the number of control points that
influence any given point on the NURBS curve, and a plural-
ity of weights that determine the effective contribution of a
control point on the overall shape of the NURBS curve;
determining contact points between at least two particles
within the particulate system based on the NURBS descrip-
tion for the particle morphology of the at least two particles
using the processing system; determining a magnitude of the
contact between the at least two particles within the particu-
late system based on the NURBS description for the particle
morphology of the at least two particles using the processing
system; determining normal forces and associated moments
based upon the contact points and the magnitude of the con-
tact between the at least two particles using the processing
system; determining tangential forces and associated
moments based upon the contact points and the magnitude of
the contact between the at least two particles using the pro-
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cessing system; and performing mechanical analysis of the
particulate system based on the contact between the at least
two particles and the resulting forces and associated moments
using the processing system.

In a further embodiment, generating a Non-Uniform Ratio-
nal Basis Spline (NURBS) description of the morphology for
a plurality of particles within the particulate system includes
generating a NURBS description of the morphology of at
least one particle in two dimensions (2D).

In another embodiment, generating a NURBS description
of the morphology of a given particle in 2D includes gener-
ating a plurality of NURBS descriptions of the morphology of
the given particle in 2D.

In a still further embodiment, determining a magnitude of
the contact between the at least two particles within the par-
ticulate system further includes: determining two intersection
points of contact between two particles within the particulate
system; calculating a midpoint for the determined intersec-
tion points of contact; determining normal and tangential unit
vectors using the calculated midpoint; determining intersec-
tion points between a line extending in both directions of the
normal vector line and the boundaries of the two particles;
approximating an overlap distance between the two particles
based on the intersection points between a line extending in
both directions of the normal vector line and the boundaries of
the two particles; and quantitying the magnitude of contact
using the overlap distance between the two particles.

In still another embodiment, wherein determining normal
forces and associated moments based upon the contact points
and the magnitude of the contact between the at least two
particles further includes: determining a normal elastic stiff-
ness for a contact between two particles; determining a con-
tact damping parameter for the contact between the two par-
ticles; calculating a normal component of relative velocity
with respect to the two particles; calculating a normal force
using the normal elastic stiffness, contact damping parameter,
and normal component of relative velocity for each of the two
particles; and computing a moment arm for each of the two
particles; and calculating an associated moment due to the
calculated normal force for each of the two particles.

In a yet further embodiment, determining tangential forces
and associated moments based upon the contact points and
the magnitude of the contact between the at least two particles
further includes: determining angular velocities for each of
the two particles; calculating a relative tangential velocity for
each of the two particles; calculating an increment in tangen-
tial force using the relative tangential velocity for each of the
two particles; calculating a tangential force at a discrete time
state using the calculated increment in tangential force for
each of the two particles; and calculating an associated
moment due to the tangential force for each of the two par-
ticles.

In yet another embodiment, generating a NURBS descrip-
tion of the morphology for a given particle within the particu-
late system includes generating a NURBS description of the
morphology of the given particle in three dimensions (3D).

In a further embodiment again, determining the magnitude
of the contact between the at least two particles within the
particulate system further includes: identitying pairs of inter-
secting portions of the surfaces of two particles based on the
NURBS descriptions of the particle morphology of the two
particles; determining a closed intersection loop for the inter-
secting portions of the surfaces of two particles; approximat-
ing a loop centroid and a loop normal for the closed intersec-
tion loop; determining contact points between a line through
the loop centroid extending in the direction of the loop normal
and the surfaces of each of the two particles; calculating an
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overlap distance between the two particles based on the con-
tact points between the line through the loop centroid extend-
ing in the direction of the loop normal and the surfaces of each
of'the two particles; and quantifying the magnitude of contact
based on the overlap distance between the two particles.

In another embodiment again, the NURBS description of
the particle morphology of each of the two particles includes
a plurality of NURBS patches, where each NURBS patch
describes the particle morphology of a portion of the surface
of'one of the two particles; and identifying pairs of intersect-
ing portions of the surfaces of two particles based on the
NURBS descriptions of the particle morphology of the two
particles includes identifying intersections between the
NURBS patches from the NURBS descriptions of the particle
morphology of each of the two particles.

In a further additional embodiment, determining a closed
intersection loop for the intersecting portions of the surfaces
of two particles includes performing a surface-surface inter-
section analysis of at least the intersecting portions of the two
surfaces of the two particles.

In another additional embodiment, determining a closed
intersection loop by performing a surface-surface intersec-
tion analysis further includes: defining flat surfaces for the
identified intersecting NURBS patches from the NURBS
description of the particle morphology of each of the two
particles; discretizing the defined flat surfaces using triangu-
lar shapes; applying a convex hull on a set of midpoints of
intersection curves forming a closed polygon; and determin-
ing a closed intersection loop for the intersecting portions of
the surfaces of two particles includes approximating the inter-
section loop using the closed polygon.

In a still yet further embodiment, determining normal
forces and associated moments based upon the contact points
and the magnitude of the contact between the at least two
particles further includes: determining a normal elastic stiff-
ness for a contact between two particles; determining the
overlap distance between the two particles; calculating a nor-
mal force for each of the two particles using the normal elastic
stiffness and the overlap distance between the two particles;
and calculating an associated moment due to the calculated
normal force for each of the two particles.

In still yet another embodiment, the overlap distance is
determined in vector form.

In a still further embodiment again, determining tangential
forces and associated moments based upon the contact points
and the magnitude of the contact between the at least two
particles further includes: determining angular velocities for
each ofthe two particles; determining translational velocities
for each of the two particles; calculating an increment in
tangential force for each of the two particles; calculating a
tangential force accounting for incremental rotation of the
contact plane for each of the two particles; and calculating an
associated moment due to the tangential force for each of the
two particles.

In still another embodiment again, performing mechanical
analysis of the particulate system based on the contact
between the at least two particles and the resulting forces and
associated moments using the processing system includes
performing mechanical analysis of the particulate system
using the discrete element method (DEM).

Another further embodiment of the method of the inven-
tion includes: generating a Non-Uniform Rational Basis
Spline (NURBS) description for the particle morphology of
each of a plurality of particles within a particulate system in
two dimensions using a processing system, where the
NURBS description of a given particle within the particulate
system includes a plurality of control points that define a
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control polygon bounding the geometry of a NURBS curve, a
knot vector that determines the location of a plurality of
knots, a basis function of a predetermined degree that deter-
mines the number of control points that influence any given
point on the NURBS curve, and a plurality of weights that
determine the effective contribution of a control point on the
overall shape of the NURBS curve; determining contact
points between at least two particles within the particulate
system based on the NURBS description for the particle
morphology of the at least two particles using the processing
system; determining a magnitude of the contact between the
at least two particles within the particulate system based on
the NURBS description for the particle morphology of the at
least two particles using the processing system by: determin-
ing two intersection points of contact between two particles
within the particulate system; calculating a midpoint for the
determined intersection points of contact; determining nor-
mal and tangential unit vectors using the calculated midpoint;
determining intersection points between a line extending in
both directions of the normal vector line and the boundaries of
the two particles; approximating an overlap distance between
the two particles based on the intersection points between a
line extending in both directions of the normal vector line and
the boundaries of the two particles; and quantifying the mag-
nitude of contact using the overlap distance between the two
particles; determining normal forces and associated moments
based upon the contact points and the magnitude of the con-
tact between the at least two particles using the processing
system by: determining a normal elastic stiffness for a contact
between two particles; determining a contact damping
parameter for the contact between the two particles; calculat-
ing a normal component of relative velocity with respect to
the two particles; calculating a normal force using the normal
elastic stiffness, contact damping parameter, and normal
component of relative velocity for each of the two particles;
and computing a moment arm for each of the two particles;
and calculating an associated moment due to the calculated
normal force for each of the two particles; determining tan-
gential forces and associated moments based upon the contact
points and the magnitude of the contact between the at least
two particles using the processing system by: determining
angular velocities for each of the two particles; calculating a
relative tangential velocity for each of the two particles; cal-
culating an increment in tangential force using the relative
tangential velocity for each of the two particles; calculating a
tangential force at a discrete time state using the calculated
increment in tangential force for each of the two particles; and
calculating an associated moment due to the tangential force
for each of the two particles; and performing mechanical
analysis of the particulate system based on the contact
between the at least two particles and the resulting forces and
associated moments using the processing system.

Still another further embodiment of the method of the
invention includes: generating a Non-Uniform Rational Basis
Spline (NURBS) description for the particle morphology of
each of a plurality of particles within a particulate system in
three dimensions using a processing system, where the
NURBS description of a given particle within the particulate
system includes a plurality of control points that define a
control polygon bounding the geometry of a NURBS curve, a
knot vector that determines the location of a plurality of
knots, a basis function of a predetermined degree that deter-
mines the number of control points that influence any given
point on the NURBS curve, and a plurality of weights that
determine the effective contribution of a control point on the
overall shape of the NURBS curve; determining contact
points between at least two particles within the particulate
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system based on the NURBS description for the particle
morphology of the at least two particles using the processing
system; determining a magnitude of the contact between the
at least two particles within the particulate system based on
the NURBS description for the particle morphology of the at
least two particles using the processing system by identifying
pairs of intersecting portions of the surfaces of two particles
based on the NURBS descriptions of the particle morphology
of'the two particles; determining a closed intersection loop for
the intersecting portions of the surfaces of two particles;
approximating a loop centroid and a loop normal for the
closed intersection loop; determining contact points between
a line through the loop centroid extending in the direction of
the loop normal and the surfaces of each of the two particles;
calculating an overlap distance between the two particles
based on the contact points between the line through the loop
centroid extending in the direction of the loop normal and the
surfaces of each of the two particles; and quantifying the
magnitude of contact based on the overlap distance between
the two particles; determining normal forces and associated
moments based upon the contact points and the magnitude of
the contact between the at least two particles using the pro-
cessing system by: determining a normal elastic stiffhess for
a contact between two particles; determining the overlap dis-
tance between the two particles; calculating a normal force
for each of the two particles using the normal elastic stiffness
and the overlap distance between the two particles; and cal-
culating an associated moment due to the calculated normal
force for each of the two particles; determining tangential
forces and associated moments based upon the contact points
and the magnitude of the contact between the at least two
particles using the processing system: determining angular
velocities for each of the two particles; determining transla-
tional velocities for each of the two particles; calculating an
increment in tangential force for each of the two particles;
calculating a tangential force accounting for incremental
rotation of the contact plane for each of the two particles; and
calculating an associated moment due to the tangential force
for each of the two particles; and performing mechanical
analysis of the particulate system based on the contact
between the at least two particles and the resulting forces and
associated moments using the processing system.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a flow chart illustrating a process for performing
GEM based analysis of a particulate system in accordance
with an embodiment of the invention.

FIGS. 2A-2C are illustrations showing a sand particle
imaged with 3D X-ray CT with thousands of voxels to a
functional representation using NURBS in accordance with
an embodiment of the invention.

FIG. 3 is a flow chart illustrating a process for constructing
models of particles from 3D images using NURBS in accor-
dance with an embodiment of the invention.

FIG. 4 is an illustration of two particles in contact showing
interpenetration (overlapping) in accordance with an embodi-
ment of the invention.

FIG. 5 is a flow chart illustrating a process for quantifying
the magnitude of contact between two particles in contact in
2D systems in accordance with an embodiment of the inven-
tion.

FIG. 6 is a flow chart illustrating a process for calculating
normal force and associated moments in 2D systems in accor-
dance with an embodiment of the invention.
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FIG. 7 is a flow chart illustrating a process for calculating
tangential force and associated moments in 2D systems in
accordance with an embodiment of the invention.

FIGS. 8A-8E are illustrations of the schematic of steps
involved in surface-surface intersection analysis in 3D sys-
tems in accordance with an embodiment of the invention.

FIG. 9 is a flow chart illustrating a process for quantifying
the magnitude of contact between two particles in contact in
3D systems in accordance with an embodiment of the inven-
tion.

FIG. 10 is a flow chart illustrating a process for calculating
normal force and associated moments in 3D systems in accor-
dance with an embodiment of the invention.

FIG. 11 is a flow chart illustrating a process for calculating
tangential force and associated moments in 3D systems in
accordance with an embodiment of the invention.

FIG. 12 is a block diagram of a computer configured using
a particulate system analysis application in accordance with
an embodiment of the invention.

DETAILED DESCRIPTION

Turning now to the drawings, systems and methods for
granular element analysis of particulate systems using Non-
Uniform Rational Basis-Splines (NURBS) to represent par-
ticle morphology in accordance with embodiments of the
invention are illustrated. In many embodiments of the inven-
tion, a Granular Element Method (GEM) is utilized to analyze
particulate systems. The GEM approach utilizes NURBS to
represent complex particle geometries and numerically simu-
lates the interactions of particulate systems based on Newto-
nian mechanics in a manner similar to that utilized in the
Discrete Element Method (DEM). Unlike DEM methods that
simplify particle shapes using spheres (or discs), ellipsoids,
or polyhedral functions, GEM utilizes control points, a knot
vector, basis function of a predetermined degree, and a plu-
rality of weights to define NURBS curves and/or surfaces to
define particle morphology. In various embodiments, these
particle representations serve as a basis for DEM calcula-
tions. A GEM approach can readily apply in the context of 2D
or 3D applications depending on the requirements of a spe-
cific application and/or the number of dimensions used to
capture the original images. The NURBS representation of
granular elements within a particulate system can be obtained
from CT images of the particles within the particulate system.
After characterizing the particles utilizing NURBS, various
techniques can be used to determine contact points, forces,
and moments between particles in contact. Systems and
methods that utilize GEM are discussed further below, GEM
is first described in the context of the analysis of particulate
systems in 2D systems. Systems and methods that utilize
GEM in the analysis of particulate systems in 3D are then
discussed.

NURBS is a powerful modeling tool that is widely used in
computer based graphics and design. A NURBS based
approach allows for generating and representing complex
curves and surfaces accurately using a plurality of control
points that define a control polygon bounding the geometry of
a NURBS curve, a knot vector that determines the location of
a plurality of knots, a basis function of a predetermined
degree that determines the number of control points that
influence any given point on the NURBS curve, and a plural-
ity of weights that determine the effective contribution of a
control point on the overall shape of the NURBS curve.
NURBS are efficiently handled by computer programs while
allowing intuitive human interactions for determining curves
and surfaces. Further, in a NURBS approach, curves and
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surfaces are represented with mathematical functions that can
be used as the basis for further calculations and analysis.

Systems and methods that utilize GEM take full advantage
of NURBS in the context of DEM based analysis. In analyz-
ing a particulate system, accurate representation of the indi-
vidual granular morphology of the particles is extremely
important. A GEM approach utilizes NURBS to accurately
represent granular morphology and utilizes the correspond-
ing mathematical functions. In treating each particle as a
discrete element, GEM further incorporates discrete element
method based calculations in analyzing particulate systems.
An Overview of the Granular Element Method

In many embodiments of the invention, a GEM based
approach utilizes NURBS to capture particle morphology
with DEM calculations for analysis of particulate systems. A
process for performing GEM in accordance with an embodi-
ment of the invention is shown in FIG. 1. The process 100
includes obtaining (104) 3D images of particles using various
methods including an X-ray CT based method or other meth-
ods known to one of ordinary skill in the arts. With the images,
NURBS is used to construct (106) models of the particles by
defining control points and a knot vector which will be further
described below. The NURBS representation of the particles
are analyzed (108) to determine contact points between over-
lapping particles and to quantify the magnitude of contact.
The process of determining contact points and quantifying
the magnitude of contact will be further described below.
Forces and associated moments are determined (110) as fur-
ther described below and the GEM process is complete.
Although specific processes for performing GEM by describ-
ing particle morphology using NURBS and analyzing the
described particles using processes similar to those utilized in
DEM are discussed above with respect to FIG. 1, any of a
variety of processes for performing DEM calculations utiliz-
ing particles described using NURBS as appropriate to the
requirements of a specific application can be utilized in accor-
dance with embodiments of the invention. Processes for rep-
resenting particle morphology using NURBS in accordance
with embodiments of the invention are discussed further
below.
An Overview of Non-Uniform Rational Basis-Splines

NURBS is a technique for representing surfaces that was
developed for use in computer graphics, computer-aided
design (CAD), computer-aided engineering (CAE), and com-
puter-aided manufacturing (CAM) systems, and even com-
puter animations. These functions provide great flexibility in
representing arbitrary and complex geometries with much
less information than conventional faceted or polynomial
counterparts. Further, the mathematical properties of
NURBS make them ideal candidates for the description of
particle morphology, the integration of discrete equations of
motion, and the detection of contact. Below, NURBS is fur-
ther described in the context of 2D and 3D systems.
Basis-Splines (BS)

Three elements are typically used to describe Basis-
Splines (LB-Splines):

1. A set of n+1 control points P, (O<i=n),

2. A knot vector U of m-1 knots (0=u,=u;= . .. =
u,, =u,=1), and

3. A degree p satisfying m=n+o where o=p+1 is the order of
the curve.
Note that the last requirement means that the number of knots
m+1 is equal to the number of control points n+1 plus the
curve order p—1. The control points need not lie on the curve
itself. Rather, control points act as a scaftold that controls the
geometry. At the most rudimentary level, one manipulates the
geometry by adjusting the control points until the desired
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shape is met. Piecewise linear interpolation of the control
points effectively furnishes a control polygon bounding the
geometry.

Given the aforementioned parameters, a (non-rational,
polynomial) B-Spline curve is defined parametrically such
that

d W
Cw = NipwP;

i=0

where u is the curve parameter, and N, , is the i-th B-Spline
basis function of degree p defined recursively as follows:

@

1 if we [u, upy)

0 otherwise

Nio(w) = {

—u;
Nip-1(u) +
— U Uirprl — Uitp

Uirprl — U

u
Niplu) =

Niy1p-1(1)

The above is also known as the Cox-de Boor recursion
formula.

Rational B-Splines (RBS)

A known limitation of (non-rational) B-Splines, as defined
in equation (1), is their inability to capture conic sections
(e.g., circles and ellipses). This limitation stems from the
simple polynomial form of B-Splines. To be able to represent
conic sections, the parametric form would need to be rational,
i.e., the quotient of two polynomials. A rational B-Spline
(RBS) is furnished by adding a weight w,=0, which provides
an additional degree of freedom for geometry manipulation.
Hence, the curve equation becomes

i 3
Clu) = %Z Ny p(e)w; Py
2, Nip(uyw; i=0
=0

= Zn: R, (u)P;
=

where R, (=N, ,(ww/E,_J"N, ,(0)w,), O<izn, are the
rational basis functions. Since R, ,(u) is rational, the exact
description of conic sections becomes possible. Naturally,
when all weights are equal to unity, equation (3) reduces to
equation (1).

The weight w,, affects the effective contribution of control
point P, on the overall shape of the curve C(u). Making w,
smaller corresponds to “pushing” the curve away from the
control point P,. In the extreme, when w,=0, the term w, P, is
eliminated from the equation of the curve and the contribution
of'the control point is obviously nullified. Another extreme is
obtained by making w, very large relative to other weights.
Dividing equation (3) by w,, gives

d “
> Nip@w; [w Py Ni )Py
Cw = i#k

_Z‘;( Nip()w; [ wy + Ny p(u)
i+

where as w,.is increased, the curve C(u) is “pulled” towards
the control point P,.
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10
Non-Uniform (NU) Rational B-Splines (NURBS)

The NU portion in NURBS is furnished by the knots in the
knot vector U of the B-Splines. The non-decreasing knots u,,
i=0, 1, .. ., m partition the parameter space into segments of
half-open intervals [u,,u,, , ), which are also called knot spans.
The knot span can be of zero length since the knots need not
be distinct, i.e., they can be repeated. The number of times a
knot value repeats itself is called multiplicity k. Based on the
way the knots are spaced, the B-Splines can be divided into
the following types:

1. Uniform B-Splines, which can be subdivided into non-
periodic and periodic

2. Non-uniform B-Splines

In non-periodic uniform B-Splines, the knots are uni-
formly spaced except at the ends where the knot values are
repeated p+1 times so that

®

The above knots are also referred to as non-periodic or open
knots. Non-periodic B-Splines are infinitely continuously
differentiable in the interior of a knot span, and (p-k)-times
continuously differentiable at a knot. If k=p, the knot has full
multiplicity; the multiplicity cannot be greater than the
degree. Multiplicity of knots provides a way to specify the
continuity between segments. For example, a full multiplicity
knot in the knot vector (away from the ends) means that a kink
or cusp is present in the curve. On the other hand, in uniform
periodic B-Splines, the knots are uniformly spaced but the
first and last knots are not duplicated so that the knot vector
looks like

U={0,1,... 1} ©

Periodic B-Splines are everywhere (p-1)-times continuously
differentiable.

If the knots are unequally spaced, the knot vector is non-
uniform. Accordingly, the property of unequally spaced knots
is a typical characteristic of non-uniform B-Splines (the NU
part in NURBS). The non-uniformity in knots can cause the
degree p of the curve to be different between knot spans. As a
matter of terminology and in describing particle geometries,
knot vectors can be defined in either [0, 1] or [0, n]. The choice
of' normalization does not have any effect on the shape of the
curve, and it is therefore inconsequential. Equation (3) is
usually taken as the definition of NURBS although the non-
uniformity of the knots is not obvious from this expression.
Closing a NURBS Curve

Typically, NURBS curves are closed when describing par-
ticle surfaces. There are at least two procedures to close a
NURBS curve. In the first procedure, closed NURBS curves
are defined by ‘wrapping’ control points. In this process, a
uniform knot sequence of m+1 knots is constructed such that:
u,=0,u,=1/m, u,=2/m, ... ,u,,=1. Note that the domain of the
curveis [u,, u,_,]. Then, the first and last p control points are
wrapped so that P=P, ,.,=P, .., ..., P, =P, , and
P, =P,. By grapping the control points, C* ~' continuity is
ensured at the joining point C(u,)=C(y,,_,)-

In the second approach, the first and last control points are
made coincident, i.e., P,=P, and the first and last p+1 knots
are clamped, i.e., repeated. The curve may or may not have C*
continuity depending on how the first and last k internal knot
spans are chosen, and the first and last k+1 weights and
control points are chosen. Perhaps the simplest example is
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that of a unit circle in which the control points and weights
shown in Table 1 are used together with the following knot
vector

U={0,0,0,1,1,2,2,3,3.4,4.4} M

Note that P,=Pg and the first and last three knot values are
clamped. Also, there are three pairs of internal knots with
multiplicity two. In general, this would lead to a loss of
continuity in the first derivative. However, in this case, con-
tinuity in the first derivative is maintained by three collinear

control points in each of the following sets: {P.,,P,=P,,P,},
{P,.Po.Ps}, {P5.P,.Ps}, and {P5.Pe.P;}.

TABLE 1

Control points (X;, v;) and weights w. for a unit circle.

1 X; Vi Wy
0 1 0 1

1 1 1 V212
2 0 1 1

3 -1 1 V212
4 -1 0 1

5 -1 -1 V212
6 0 -1 1

7 1 -1 V212
8 1 0 1

Rendering Particle Morphology Using NURBS

The process of describing particle morphology using
NURBS involves obtaining information concerning the sur-
face of the particle, which in many embodiments is obtained
using 3D X-ray CT, and defining control points and knot
vectors that capture the detail of the surface of the particle.
The process of describing the morphology of a particle using
NURBS based upon an image generated using 3D X-ray CT
of the particle in accordance with an embodiment of the
invention is illustrated in FIGS. 2A-2C. The imaged sand
particle 202 is constructed with thousands of voxels where the
accuracy of the construction depends on the resolution of the
voxels. NURBS technology uses control points 204 and may
create a scaffolding 206 as an intermediate step in construct-
ing a model of the obtained image. Using the control points,
NURBS techniques are able to create a smooth functional
representation of the particles granular morphology 208. The
process of constructing functional representation using
NURBS of obtained images is further described below.
Although specific examples of particle morphology and
NURBS representations are discussed above with respect to
FIGS. 2A-2C, any of a variety of particles, processes for
obtaining particle images, and NURBS representations can
be utilized in accordance with embodiments of the invention.

A process that can be utilized to describe the surface of a
particle based upon information obtained from a 3D X-ray
CT in accordance with an embodiment of the invention is
illustrated in FIG. 3. The process 300 includes obtaining
(304) 3D images of the particles (similar to the image of the
particle shown in FIG. 2A) and determining (306) control
points P,. The control points can be obtained from digital data
of a particle’s surface by either manually entering the
obtained images into a computer aided design software and
manipulating the surface manually to match the surface data
of the image. The control points may also be obtained in an
automated fashion by using optimization techniques such as
least squares fitting, gradient-based optimization algorithms,
and machine learning techniques for image processing.
Based upon the control points, a knot vector U is determined
(308) that describes the surface of the particle. Based upon the
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control points and factoring in weights w,z0, a rational
B-Spline curve C(u) can be determined (310). The rational
B-Spline curve C(u) and knot vector U may be further utilized
to construct (312) models of particles from the 3D images in
accordance with some embodiments of the invention.
Although specific processes for obtaining 3D images, deter-
mining control points, and constructing NURBS representa-
tions of 3D images are discussed above with respect to FIG. 3,
any of a variety of processes may be utilized to form NURBS
representations of particle morphology as appropriate to the
requirements of a specific application in accordance with
embodiments of the invention. Processes for determining
contact points and the magnitude of contact are discussed
further below.

Determining Contact Points and Quantifying the Magnitude
of Contact

Contact between two particles may be detected from
observing spatial overlap between two particles. A process
for determining contact points between two NURBS repre-
sentations of particles and for quantifying the magnitude of
the contact in accordance with an embodiment of the inven-
tion is illustrated in FIG. 4. Two particles, €2,, (402) and Q,
(404), are in contact at a particular instant in time. Particle
position is given by the centroid, with particles £2,,(402) and
€2, (404) having centroids located at x # (406) and x_.7 (408),
respectively. The points of contact are defined as the two
intersection points x' (410) and x> (412). A local coordinate
system (in 2D for simplicity) is adopted, where the normal
direction (at the point of contact) is given by the unit vector e
(418), pointing away from particle €2, (402) and the tangen-
tial direction furnished by the unit vector t (420), which would
induce a clockwise rotation of vector e (418). Further,
changes in angular position 6 are assumed positive if they
induce a counter-clockwise rotation of the particle, relative to
the particle’s centroid. Similarly, positive moments are
assumed to induce positive rotations.

A process that can be utilized to quantify the magnitude of
contact between two particles described using NURBS rep-
resentations in accordance with an embodiment of the inven-
tion is illustrated in FIG. 5 and described below in reference
to FIG. 4 for illustrative purposes. The process (500) includes
determining (504) two intersection points x' (410) and x>
(412), and calculating the midpoint x™ such that x"=Y4(x"+
x?). The process uses the intersection points and the calcu-
lated midpoint to determine (506) the normal and tangential
unit vectors, e (418) and t (420) respectively. The tangential
vector (420) can be defined such that t=(x*>-x")/|x*~x"|| and
e1=0 can be used to obtain e (418). Both unit vectors define a
basis centered at x™. By extending a straight line in either
directions of e (418) until intersecting with the boundaries of
particles €2, (402) and Q, (404), two additional intersection
points can be determined (508), shown as points x* (416) and
x> (414) respectively, in FIG. 4. The overlap distance An
between particles €2, (402) and €2, (404) can be approximated
(510) such that An={x*—x’|. Further, the moment arms R? and
RY can be computed (512) where RP=x>-x # and R7=x"-x .
Based on contact and the spatial overlap between particles,
the magnitude of contact may be quantified (514). Although
specific processes for determining contact points and quanti-
fying the magnitude of contact of two particles described
using NURBS representations are discussed above with
respect to FIGS. 4 and 5, any variety of processes similar to
those utilized in determining contact points and quantifying
the magnitude of contact of two particles described using
NURBS representations can be utilized as appropriate to the
requirements of a specific application in accordance with
embodiments of the invention. Processes for calculating
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forces and associated moments of contacting particles
described using NURBS representations are further
described below.
Determining Normal Forces and Associated Moments

The normal force F,, is exerted on particle p, in the —e
direction and exerted on Q, in the e direction, exploiting
action and reaction. A process for determining the normal
force and associated moments of two particles described
using NURBS representations in accordance with an embodi-
ment of the invention is shown in FIG. 6. The normal elastic
stiffness k,, is determined (604) using techniques that are well
known in the art including, but not limited to, using experi-
ments or estimated as a function of the material properties
(Young’s modulus and Poisson ratio). The 3 is also deter-
mined (606) using techniques that are well known in the art
including, but not limited to, measurements from relevant
experiments. The normal component of the relative velocity
of particle Q, relative to particle £, can be calculated (608) so
that

i=(% 2% P)-e ®
Utilizing k,,, P, and 1, the effective normal force can be
calculated (610) using a linear elastic stiffness model such

that

F =k, (An+ i) ©

The moments M,? and M, ? due to the excentricity of the
normal force as exerted on the centroid of particles €, and €2,
respectively, can be calculated (612) such that

MF=-F,RF and M,7=f,R 7 (10)

where R #=R?tis the tangential component of the R” moment
arm, and R 7=R?t is the tangential component of the R?
moment arm.
Determining Tangential Forces and Associated Moments
The incremental tangential forces can be calculated using
the friction model where the tangential stiffness is initialized
at time of first contact and exists until the grains separate. A
process for determining the tangential forces and associated
moments experienced by two contacting particles described
using NURBS representations in accordance with an embodi-
ment of the invention is shown in FIG. 7. The angular veloci-
ties, o” and w?, of particles w, and w,, respectively are deter-
mined (704). The relative tangential velocity $ of particle w,,
with respect to particle Q, is calculated (706) so that

§=(32—%9)t-(0PR P+0R7)

an
Naturally, As=3At and the relative velocity § is taken as posi-
tive when pointing in the t direction and negative if it points in

the —t direction. Using $, the increment in tangential force is
calculated (708) such that

AF, =k (As+ps) (12)

At a discrete time station t,,,, the tangential force F| is then
calculated (710) according to

F =F]+AF, 13)

where F” is the value of the tangential force at time station t,,.

Ultimately, the tangential force is limited according to Cou-
lomb-friction law so that

F=min(F uF,+c) (14)

where L is the interparticle friction coefficient of friction and
c is the interparticle cohesion. The tangential force is applied
ongrains £2,,and €, in the directions ~t and t, respectively, for
$>0, and in the opposite directions otherwise.

Similar to the normal component of the contact force, the
tangential component of the force can exert moments with
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respect to the centroids of the particles in contact. The result-
ing moments M and M 7 are calculated (712) such that

MP=FRZ and M=FR, (15)

where R,7=R¥?-e is the normal component of the R moment
arm and R, =R %-e is the normal component of the R moment
arm. Although specific processes for determining forces and
associated moments are discussed above with respect to
FIGS. 6 and 7, any of a variety of processes for determining
forces and associated moments of contacting particles
described using NURBS representations can be utilized as
appropriate to the requirements of a specific application in
accordance with embodiments of the invention. Further, the
techniques for determining contact forces and moments pre-
sented above correspond to classic and simple linear models.
This is done for simplicity of presentation. However, the
NURBS formulation presented can be extended to nonlinear
contact models that exploit local information such as curva-
ture, normal and tangential vectors, and non-convexity. Pro-
cesses for using NURBS based representation of particle
morphology in 3D in accordance with an embodiment of the
invention is discussed below.

Three-Dimensional GEM

The modeling of particulate systems using techniques in
which forces and moments are determined in 2D for particles
described using NURBS representations are discussed above.
In 2D based GEM applications, particle morphology can be
accurately represented using NURBS by utilizing a math-
ematical representation for curves of the particle’s surface as
defined by equation (1) above and combined with appropriate
knot vectors. The DEM techniques utilized in 2D based GEM
systems can further be adapted to enable the analysis of
particulate systems in 3D using particles described using
NURBS representations.

In modeling of particulate systems using techniques in
which forces and moments are determined in 3D for particles
described using NURBS, a ‘NURBS tensor product surface’
P(s,t) can be defined such that

(16)

P(s, 1) = -~ ]

35 weNg p (N, (0
420 A=0

)

w; iNi p(SIN; (1) P
=0 =0

where P,; are the control points, w,; are the weights, and N, ,,(s)
and N, (t) are the B-Splines univariate basis functions of
degree p, which define the tensor product. For most cases,
particle surfaces are adequately described as a bicubic patch
p=3. The control points define a control grid or mesh where
the particle is enclosed in the convex hull of the control points.
In defining a NURBS surface in 3D, typically a knot vector is
specified for the s basis functions, and a second knot vector is
specified for the t basis functions. The operations in 2D on
NURBS curves such as knot insertion, as described above,
can be extended directly as operations on 3D NURBS sur-
faces by operating simply on each of the control curves. Thus,
to insert a knot into the s knot vector fora NURBS surface, the
knot can be inserted into each s-control curve of the NURBS
surface. In many embodiments, knot vectors that are clamped
(or non-periodic) are used with 1+p+1 knot values where 1 is
the number of control points in each parametric direction
(m+1 or n+1). However, alternative methods can be used to
close a NURBS surface including those described above.
With a NURBS surface defined as a tensor product given
by equation (16), the control points typically lie topologically
in a rectangular grid. Thus, a closed surface representation
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using a single NURBS patch may not be possible without
generating singularities at two poles where multiple control
points collapse to a single point. These singularities can lead
to difficulties when performing contact detection in paramet-
ric space and a multipatch approach to representing the par-
ticles may be beneficial. The discussion below uses six
NURBS patches to construct particle morphology as an
attempt to strike a balance between simplicity and accuracy.
However, more or less NURBS patches may be utilized in
constructing 3D models of particle morphology as appropri-
ate to the requirements of a specific application in accordance
with embodiments of the invention.

Determining Contact Points in 3D

Processes for determining contact between two particles
represented using NURBS in 3D can be implemented using
an intersection based approach. However, NURBS surface-
surface (3D) intersection is a non-trivial problem and the
associated techniques are significantly more complicated and
computationally demanding than those in spline curve-curve
(2D) intersection as discussed above. For designing the con-
tact procedure in 3D GEM, a subdivision approach to detect-
ing the intersection loop may provide a reasonable balance
between accuracy and robustness, especially across multiple
seams in a NURBS based multipatch representation of par-
ticles.

An intersection based process for determining contact and
quantifying the magnitude of contact between particles
described in 3D using NURBs in accordance with an embodi-
ment of the invention is conceptually illustrated in FIGS.
8A-8E. Potentially intersecting NURBS surfaces (802) and
(804) in real space are shown in FIG. 8A. The NURBS sur-
faces are subdivided in parametric space by refining the knot
vectors in both parametric directions (e.g., s and t), using the
knot insertion procedures described above. The subdivision
procedure is repeated until a pre-specified tolerance for sur-
face flatness, described in parametric space, is reached. Once
the predetermined tolerance is reached, the flat surfaces (806)
and (808) are defined, as shown in FIG. 8B. The surfaces
(806) and (808) are ‘discretized’ using triangles to approxi-
mate the intersection loop and thus the flat surfaces are con-
verted to surfaces of triangles (810) and (814), as shown in
FIG. 5C. The discretization to triangles furnishes a means to
perform surface-to-surface intersection by means of triangle-
triangle intersection procedures. A convex hull is applied on
the set of midpoints of all the collected (disjoint) intersection
curves to form a closed polygon approximating the intersec-
tion loop (812), as shown in FIGS. 8C and 8D. Using the
intersection loop (812), the loop centroid (820), as shown in
FIG. 8E, can then be approximated. To determine the contact
point on each surface, a curve-surface intersection algorithm
can be employed, with the curve passing through the loop
centroid (820) and in the direction of the loop normal (818) as
shown in FIG. 8E and further described below. Although
specific processes for intersection algorithms in 3D are dis-
cussed above with respect to FIGS. 8 A-8E, any of a variety of
processes for determining contact between two particles rep-
resented using NURBS in 3D using an intersection based
approach can be utilized as appropriate to the requirements of
a specific application in accordance with embodiments of the
invention.

A process that can be utilized to quantify the magnitude of
contact between two particles described using a NURBS
representation in 3D in accordance with an embodiment of
the invention is illustrated in FI1G. 9. For illustrative purposes,
FIGS. 8A, 8D, and 8E are referenced in describing the pro-
cess illustrated in FIG. 9. Consider two particles (802) and
(804) that are potentially in contact with each other. The
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process (900) of determining contact and quantifying the
magnitude of contact includes identifying (904) pairs of inter-
secting patches between the NURBS representations of two
particles. The process uses the identified pairs of intersecting
patches to determine (906) a closed intersection loop (816) by
performing a surface-surface intersection analysis. Based on
the closed intersection loop, the loop centroid (820) and loop
normal (818) are approximated (908) where the contact nor-
mal is taken as the loop normal. For each surface, a contact
point with a line in the direction of the loop normal and
passing through the loop centroid is determined (910) by
performing a curve-surface intersection. The overlap (822) is
calculated (912) as the distance between the two contact
points. Based on the calculated overlap between particles, the
magnitude of contact may be quantified (914). Although spe-
cific processes for determining contact points and quantifying
the magnitude of contact in 3D of two particles described
using NURBS representations are discussed above with
respect to FIGS. 8A-8E and 9, any variety of processes simi-
lar to those utilized in determining contact points and quan-
tifying the magnitude of contact of two particles described
using NURBS representations can be utilized as appropriate
to the requirements of a specific application in accordance
with embodiments of the invention. Processes for calculating
forces and associated moments in 3D of contacting particles
described using NURBS representations are further
described below.
Determining Normal Force and Associated Moments in 3D
Two particles in contact typically create normal forces such
that the forces are equal and in opposite directions of each
other. For illustrative purposes, we can label two NURBS
representations of particles in 3D as QF and Q7. A process for
determining the normal forces and associated moments of
two particles, described using NURBS representations in 3D
in accordance with an embodiment of the invention is shown
in FIG. 10. The process 1000 includes determining (1004) the
normal elastic stiffness k,, using techniques that are well
known in the art including, but not limited to, using experi-
ments or estimated as a function of the material properties
(Young’s modulus and Poisson ratio). The process deter-
mines (1006) the overlap of the two contacting particles in
vector form as described above. Using the normal elastic
stiffness k, and the overlap between particles, the normal
force on particle Q7 at the contact point can be calculated
(1008) using a linear elastic stiffness model such that

F2=—F,An a7

where again, the k,, is the normal elastic stiffness and An is the
overlap, in vector form, determined from the surface-surface
intersection analysis discussed above. The sign convention
used is that the normal vector n points away from the particle,
which means that An has a direction pointing away from
particle Q7 and hence the negative sign in equation (17). By
action and reaction, the effective normal force on particle Q7
contacting with particle Q is then

FA=-FF (18)

The moment arm R” is denoted as the distance from the
centroid of particle Q7 to the contact point where the contact
point is determined by the surface-surface intersection analy-
sis as described above. The associated moment M,” due to

normal force F,7 can be calculated (1010) as
MP=RPxF,? (19)

Similarly, the associated moment due to normal force on the
contacting particle 29 can be calculated (1010) as

M,3=RIxF,3 (20)
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where R? is the moment arm extending from the centroid of
particle Q7 to the contact point for Q7 where the contact point
is again determined by the surface-surface intersection analy-
sis as described above.
Determining Tangential Force and Associated Moments in
3D

The incremental tangential forces can be calculated using a
friction model where the tangential stiffness is initialized at
time of first contact and exists until the particles separate. A
process for determining the tangential forces and associated
moments experience by two contacting particles described
using NURBS representations in 3D in accordance with an
embodiment of the invention is shown in FIG. 11. The process
1100 includes determining (1104) angular velocities w” and
w? and translational velocities v and v¥ in global coordinate
frame of particles €27 and Q, respectively. Using the angular
and translational velocities, the velocity of particle Q7 relative
to particle Q7 at the contact point can be calculated (1106) as

V=12 40P RE - 7xR? 1)

where R” and R are the moment arms of particle Q7 and Q7,
respectively as defined above.

The process also includes calculating (1108) the increment
in tangential force AF # on particle Q7 such that

AFZ=-kAs (22)
where
As=Au—(Aun)n (23)

is the tangential incremental displacement obtained by pro-
jecting the incremental displacement in the tangential direc-
tion and where

Au=vAt 24)

is the incremental displacement. By action and reaction, the
increment in tangential force on particle €24 can be defined as

AFI=-AFL 25

Before the tangential force can be updated, it needs to be
corrected to account for the incremental rotation of the con-
tact plane. By way of definition, the previous tangential force
vector at the contact point on particle Q7 can first be corrected
as

FP:=7FF (26)

where 7. is the rotation matrix that rotates the previous normal
vector ¥ to the current normal vector n. Thus, the tangen-
tial force on particle Q”, updated and accounting for incre-
mental rotation of the contact plane, can be calculated (1110)
as

FP:=FP+AF? @7
and where the value of F# is capped such that
pomre| P ) 28)
IFLN
where
Fre=lIF7 tan ¢ 29

with ¢ being the interparticle friction angle. Again, by action
and reaction, the tangential force on particle Q7 contacting
with particle Q7 is

Fa=-Fp 30)
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The process 1100 also includes calculating (1112) the cor-
responding moments associated with the tangential forces for
particles ° and Q9 respectively such that

MP=RPxF? (31)

M2=RxF 2 (32)

where R? is the moment arm of © and R? is the moment arm
of particle Q7 as defined above. Although specific processes
for determining forces and associated moments are discussed
above with respect to FIGS. 10 and 11, any of a variety of
processes for determining forces and associated moments of
contacting particles described using NURBS representations
in 3D can be utilized as appropriate to the requirements of a
specific application in accordance with embodiments of the
invention. Further, the techniques for determining contact
forces and moments presented above correspond to classic
and simple linear models. This is done for simplicity of pre-
sentation. However, the NURBS formulation presented can
be extended to nonlinear contact models that exploit local
information such as curvature, normal and tangential vectors,
and non-convexity.
GEM Based Approach using Classical DEM Discrete Equa-
tions of Motion

A GEM based approach in many embodiments of the
invention can utilize identical discrete equations of motion as
those used in classical DEM approaches. These equations can
be used to update the NURBS surfaces as discussed below.
Forces and moments, which are induced by contact interac-
tions between particles, are calculated as discussed above.
The translational components are considered first; where the
equation governing translational motion of the particle’s cen-
ter of mass can be defined by Newton’s law as

ma+Cv,=F; (33)

where i=1, 2, 3 in three dimensions, m is the mass of the
particle, C=Em is the damping which proportionally scales
the linear velocity v,, with § being the global damping param-
eter. The linear acceleration is given by a, and is related to the
resultant force F,. To integrate the translational components
of motion, the centered finite-difference integration scheme
can be used such that

n+l2 _ (34)

v — Ja—eai 2y A—[F-]
PO T 1+ EA2 ! m '

= e ant? (35

The control points of the NURBS patches of the particle can
be translated by displacements according to Atv,”**’2.

For the rotational components of motion, quantities are
defined with respect to the principal body-fixed frame. Con-
sider the angular accelerations a, given through the Euler’s

equations of motion as

oy =M +0,03(-13)-El o, ]/, (36)
0= [Mo+030,(13-1,)~-ELw, )/ (37
Q3= [M3+0,0,(1,~5)~El03]/13 (38)

where w, for i=1, 2, 3 are the angular velocities, M, are the
moments, and I, are the principal moments of inertia. Here,
inertia-proportional damping is included via the global damp-
ing parameter &. The Euler equations are nonlinear due to the
presence of the products of angular velocities on the right
hand side. Therefore, to appropriately integrate the rotational
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components of motion, a predictor-corrector process is uti-
lized, which can be described as follows:

1. Estimate the angular velocities at the current time step by
assuming constant angular acceleration for an additional half
step

(B39

where Aw, '=a," 1 At.
2. Calculate angular velocity predictors using the above
estimates

Aw'"=AlM, oY 0’3" (I-13)-EL o' "]/, (40)
AW =AM +0's 0" "(I5-1,)-EL0' )"/, (41)
AW'S" =AM 0", "0'y (1 -1)-El0'3" /13 42)
3. Predict angular velocities at the current time step
P 43)
W =w; %+ AT
2
4. Calculate angular velocity correctors
Aw"=AL[M,"+0," 05" (1-13)-E 0," /I, (44)
Aw," =AMy +03"0," (I3-1,)-ELw," /T 45)
Aws"=A[M3"+0,"0," ([, ~5)~EL05" /I3 (46)

Additional iterations can be performed by repeating 1
through 4 until the correctors converge to some desired tol-
erance.

5. Update angular velocities using the correctors

@7

For small time steps used to resolve the interparticle con-
tacts and for quasi-static conditions in which the angular
velocities are small, the number of iterations is typically
small. Usually, between 3 and 5 iterations are involved to
achieve machine precision tolerance. After obtaining the
angular velocities, the orientation of the principal body-fixed
frame can be updated using the singularity-free quaternion
approach, which is described below. The rotation matrix that
transforms vectors in global space to vectors in body frame is
given by

R+ BB+ E -An-3a)  2qgs +01g4) “8)
Az| An@p+pe) G-B-B+a -Ang - qq0)
Agags —q194)  —2q1q3 +G2q1) —G — B+ + 44
where the g,’s are the quaternions defined by
AN 49)
g1 = sin (5) sin ( 2 )
(50)

=i (5] s (159
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-continued

‘]‘+¢)

g3 = cos (g) sin ( 5 6D

(62

omos 3 s (139)

and ¢, 0 and 1 are the Euler angles in the zx'z' notational
convention. The initial values of the quaternions can be cal-
culated using the initial configurations of the grains before the
start ofthe simulation. The time derivatives of the quaternions
can be expressed in terms of products of the quaternions with
the angular velocities as a singularity-free set of equations

4l -4 —q4 @2 63
i Wy
) I & —-a5 —au
== (273
a3 g @ a
w3
qy4 42 91 93

with closure of the above system given by the normalization
relation

64

The above system of equations can be solved using an
explicit finite difference scheme which results in the follow-
ing update equation

¢ =B'BTy (55)
where
ai L B B B (36)
= a4z e B L B —p
95 =B —H 1 =B
a8 =B B B 1
and
A e (57
Bi= 7Y

and where [17 is the transpose operator. The equation (55) can
be solved in closed form and it has been shown that equation
(53) maintains the orthogonality relation of equation (54).
Normalization of the quaternions, however, can be performed
after each integration step to prevent normalization failure
resulting from round-off error. The matrix A”*! of equation
(48) att, ,, can be evaluated using the quaternions in q**'. The
updated orientation (triads) of the principal body-fixed frame
is then given by the rows A™'. The rotation matrix for rotat-
ing the control points of the NURBS patches about the parti-
cle’s center of mass is obtained as

[+ = g+ Tyn (58)

In the next calculation cycle, the moments on each particle
due to interparticle contact, calculated in the global frame,
can be transformed into the principal body-fixed frame using
An+1.

Discrete equations of motion as discussed above can be
used in DEM approaches to update positions, forces, and
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moments of elements within the system. NURBS curves and
surfaces are invariant under affine transformations and allow
operations such as translations and rotations to be applied to
NURBS curves and surfaces by applying them to their respec-
tive control points. Thus, a GEM based approach to analyzing
particulate systems in accordance with many embodiments of
the invention can utilize the discrete equations of motion as
used in standard DEM approaches as discussed above.
Particulate System Analysis Applications
In many embodiments, the methods outlined above are
performed on a computer or computing device configured
using a particulate system analysis application. A computer
configured using a particulate system analysis application in
accordance with an embodiment of the invention is concep-
tually illustrated in FIG. 12. The computer 1200 includes a
processor 1202 and memory 1204. The memory contains a
particulate system analysis application 1206. In many
embodiments, the memory is also used to contain 3D images
1208 of particles in a particulate system such as (but not
limited to) 3D X-ray CT images. The particulate system
analysis application can configure the processor to generate
NURBS descriptions of the particles in the 3D images and
perform calculations enabling analysis of the behavior of the
particulate system using the NURBS descriptions of the par-
ticles and the GEM techniques outlined above. Although
specific particulate system analysis applications are dis-
cussed above with reference to FIG. 12, any of a variety of
particulate system analysis applications can be utilized that
enable any of a variety of processing or computing devices to
execute methods similar to those outlined above to analyse
the behavior of a particulate system in accordance with
embodiments of the invention.
While the above description contains many specific
embodiments of the invention, these should not be construed
as limitations on the scope of the invention, but rather as an
example of one embodiment thereof. Accordingly, the scope
of the invention should be determined not by the embodi-
ments illustrated, but by the appended claims and their
equivalents.
What is claimed is:
1. A method of analyzing the behavior of a particulate
system comprising a plurality of particles, where each par-
ticle possesses a particle morphology, the method compris-
ing:
generating a Non-Uniform Rational Basis Spline
(NURBS) description for the particle morphology for
each of a plurality of particles within a particulate sys-
tem in two dimensions using a processing system com-
prising a processor and memory, where the NURBS
description of a given particle within the particulate
system comprises a plurality of control points that define
a control polygon bounding the geometry of a NURBS
curve, a knot vector that determines the location of a
plurality of knots, a basis function of a predetermined
degree that determines the number of control points that
influence any given point on the NURBS curve, and a
plurality of weights that determine the effective contri-
bution of a control point on the overall shape of the
NURBS curve;

determining contact points between at least two particles
within the particulate system using the processor of the
processing system based on the NURBS description for
the particle morphology of the at least two particles
contained within the memory of the processing system;

determining a magnitude of the contact between the at least
two particles within the particulate system using the
processor ofthe processing system based on the NURBS
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description for the particle morphology of the at least
two particles contained within the memory of the pro-
cessing system by:
determining two intersection points of contact between
two particles within the particulate system;
calculating a midpoint for the determined intersection
points of contact;
determining normal and tangential unit vectors using the
calculated midpoint;
determining intersection points between a line extend-
ing in both directions of the normal vector line and the
boundaries of the two particles;
approximating an overlap distance between the two par-
ticles based on the intersection points between a line
extending in both directions of the normal vector line
and the boundaries of the two particles; and
quantifying the magnitude of contact using the overlap
distance between the two particles;
determining normal forces and associated moments using
the processor of the processing system based upon data
describing the contact points and the magnitude of the
contact between the at least two particles contained
within the memory of the processing system;

determining tangential forces and associated moments
using the processor of the processing system based upon
data describing the contact points and the magnitude of
the contact between the at least two particles contained
within the memory of the processing system; and

performing mechanical analysis of the particulate system
using the processor of the processing system based on
data describing the contact between the at least two
particles and the resulting forces and associated
moments contained within the memory of the process-
ing system.

2. The method of claim 1, wherein generating a NURBS
description of the morphology of a given particle in 2D com-
prises generating a plurality of NURBS descriptions of the
morphology of the given particle in 2D.

3. The method of claim 1, wherein determining normal
forces and associated moments using the processor of the
processing system based upon data describing the contact
points and the magnitude of the contact between the at least
two particles further comprises:

determining a normal elastic stiffness for a contact between

two particles;

determining a contact damping parameter for the contact

between the two particles;

calculating a normal component of relative velocity with

respect to the two particles;

calculating a normal force using the normal elastic stiff-

ness, contact damping parameter, and normal compo-
nent of relative velocity for each of the two particles;
computing a moment arm for each of the two particles; and
calculating an associated moment due to the calculated
normal force for each of the two particles.

4. The method of claim 1, wherein determining tangential
forces and associated moments using the processor of the
processing system based upon data describing the contact
points and the magnitude of the contact between the at least
two particles further comprises:

determining angular velocities for each of the two par-

ticles;

calculating a relative tangential velocity for each of the two

particles;

calculating an increment in tangential force using the rela-

tive tangential velocity for each of the two particles;
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calculating a tangential force at a discrete time state using
the calculated increment in tangential force for each of
the two particles; and

calculating an associated moment due to the tangential

force for each of the two particles.

5. The method of claim 1, wherein performing mechanical
analysis of the particulate system using the processor of the
processing system based on the contact between the at least
two particles and the resulting forces and associated moments
using the processing system comprises performing mechani-
cal analysis of the particulate system using the discrete ele-
ment method (DEM).

6. A method of analyzing the behavior of a particulate
system comprising a plurality of particles, where each par-
ticle possesses a particle morphology, the method compris-
ing:

generating a Non-Uniform Rational Basis Spline

(NURBS) description for the particle morphology for
each of a plurality of particles in three dimensions (3D)
within a particulate system using a processing system
comprising a processor and memory, where the NURBS
description of a given particle within the particulate
system comprises a plurality of control points that define
a control polygon bounding the geometry of a NURBS
curve, a knot vector that determines the location of a
plurality of knots, a basis function of a predetermined
degree that determines the number of control points that
influence any given point on the NURBS curve, and a
plurality of weights that determine the effective contri-
bution of a control point on the overall shape of the
NURBS curve;
determining contact points between at least two particles
within the particulate system using the processor of the
processing system based on the NURBS description for
the particle morphology of the at least two particles
contained within the memory of the processing system;
determining the magnitude of the contact between the at
least two particles within the particulate system using
the processor of the processing system further com-
prises:
identifying pairs of intersecting portions of the surfaces
of two particles based on the NURBS descriptions of
the particle morphology of the two particles;
determining a closed intersection loop for the intersect-
ing portions of the surfaces of two particles;
approximating a loop centroid and a loop normal for the
closed intersection loop;
determining contact points between a line through the
loop centroid extending in the direction of the loop
normal and the surfaces of each of the two particles;
calculating an overlap distance between the two par-
ticles based on the contact points between the line
through the loop centroid extending in the direction of
the loop normal and the surfaces of each of the two
particles; and
quantifying the magnitude of contact based on the over-
lap distance between the two particles;

determining normal forces and associated moments using

the processor of the processing system based upon the
contact points and the magnitude of the contact between
the atleast two particles contained within the memory of
the processing system;

determining tangential forces and associated moments

using the processor of the processing system based upon
data describing the contact points and the magnitude of
the contact between the at least two particles contained
within the memory of the processing system; and
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performing mechanical analysis of the particulate system
using the processor of the processing system based on
the data describing contact between the at least two
particles and the resulting forces and associated
moments contained within the memory of the process-
ing system.
7. The method of claim 6, wherein:
the NURBS description of the particle morphology of each
of the two particles comprises a plurality of NURBS
patches, where each NURBS patch describes the par-
ticle morphology of a portion of the surface of one of the
two particles; and
identifying pairs of intersecting portions of the surfaces of
two particles based on the NURBS descriptions of the
particle morphology ofthe two particles comprises iden-
tifying intersections between the NURBS patches from
the NURBS descriptions of the particle morphology of
each of the two particles.
8. The method of claim 6, wherein determining a closed
intersection loop for the intersecting portions of the surfaces
of'two particles comprises performing a surface-surface inter-
section analysis of at least the intersecting portions of the two
surfaces of the two particles.
9. The method of claim 8, wherein determining a closed
intersection loop by performing a surface-surface intersec-
tion analysis further comprises:
defining flat surfaces for the identified intersecting
NURBS patches from the NURBS description of the
particle morphology of each of the two particles;

discretizing the defined flat surfaces using triangular
shapes;

applying a convex hull on a set of midpoints of intersection

curves forming a closed polygon; and

determining a closed intersection loop for the intersecting

portions of the surfaces of two particles comprises
approximating the intersection loop using the closed
polygon.

10. The method of claim 6, wherein determining normal
forces and associated moments using the processor of the
processing system based upon the contact points and the
magnitude of the contact between the at least two particles
further comprises:

determining a normal elastic stiffness for a contact between

two particles;

determining the overlap distance between the two par-

ticles;

calculating a normal force for each of the two particles

using the normal elastic stiffness and the overlap dis-
tance between the two particles; and

calculating an associated moment due to the calculated

normal force for each of the two particles.

11. The method of claim 9, wherein the overlap distance is
determined in vector form.

12. The method of claim 6, wherein determining tangential
forces and associated moments using the processor of the
processing system based upon the contact points and the
magnitude of the contact between the at least two particles
further comprises:

determining angular velocities for each of the two par-

ticles;

determining translational velocities for each of the two

particles;

calculating an increment in tangential force for each of the

two particles;

calculating a tangential force accounting for incremental

rotation of the contact plane for each of the two particles;
and
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calculating an associated moment due to the tangential

force for each of the two particles.

13. The method of claim 6, wherein performing mechani-
cal analysis of the particulate system using the processor of
the processing system based on the contact between the at
least two particles and the resulting forces and associated
moments using the processing system comprises performing
mechanical analysis of the particulate system using the dis-
crete element method (DEM).

14. A method of analyzing the behavior of a particulate
system comprising a plurality of particles, where each par-
ticle possesses a particle morphology, the method compris-
ing:

generating a Non-Uniform Rational Basis Spline

(NURBS) description for the particle morphology of
each of a plurality of particles within a particulate sys-
tem in two dimensions using a processing system com-
prising a processor and memory, where the NURBS
description of a given particle within the particulate
system comprises a plurality of control points that define
a control polygon bounding the geometry of a NURBS
curve, a knot vector that determines the location of a
plurality of knots, a basis function of a predetermined
degree that determines the number of control points that
influence any given point on the NURBS curve, and a
plurality of weights that determine the effective contri-
bution of a control point on the overall shape of the
NURBS curve;
determining contact points between at least two particles
within the particulate system using the processor of the
processing system based on the NURBS description for
the particle morphology of the at least two particles
contained within the memory of the processing system;
determining a magnitude of the contact between the at least
two particles within the particulate system using the
processor ofthe processing system based on the NURBS
description for the particle morphology of the at least
two particles contained within the memory of the pro-
cessing system by:
determining two intersection points of contact between
two particles within the particulate system;
calculating a midpoint for the determined intersection
points of contact;
determining normal and tangential unit vectors using the
calculated midpoint;
determining intersection points between a line extend-
ing in both directions of the normal vector line and the
boundaries of the two particles;
approximating an overlap distance between the two par-
ticles based on the intersection points between a line
extending in both directions of the normal vector line
and the boundaries of the two particles; and
quantifying the magnitude of contact using the overlap
distance between the two particles;

determining normal forces and associated moments using

the processor of the processing system based upon data

describing the contact points and the magnitude of the

contact between the at least two particles contained

within the memory of the processing system by:

determining a normal elastic stiffness for a contact
between two particles;

determining a contact damping parameter for the contact
between the two particles;

calculating a normal component of relative velocity with
respect to the two particles;
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calculating a normal force using the normal elastic stiff-
ness, contact damping parameter, and normal compo-
nent of relative velocity for each of the two particles;
and

computing a moment arm for each of the two particles;
and

calculating an associated moment due to the calculated
normal force for each of the two particles;

determining tangential forces and associated moments

using the processor of the processing system based upon

data describing the contact points and the magnitude of

the contact between the at least two particles contained

within the memory of the processing system by:

determining angular velocities for each of the two par-
ticles;

calculating a relative tangential velocity for each of the
two particles;

calculating an increment in tangential force using the
relative tangential velocity for each of the two par-
ticles;

calculating a tangential force at a discrete time state
using the calculated increment in tangential force for
each of the two particles; and

calculating an associated moment due to the tangential
force for each of the two particles; and

performing mechanical analysis of the particulate system

using the processor of the processing system based on
data describing the contact between the at least two
particles and the resulting forces and associated
moments contained within the memory of the process-
ing system.

15. A method of analyzing the behavior of a particulate
system comprising a plurality of particles, where each par-
ticle possesses a particle morphology, the method compris-
ing:

generating a Non-Uniform Rational Basis Spline

(NURBS) description for the particle morphology of
each of a plurality of particles within a particulate sys-
tem in three dimensions using a processing system com-
prising a processor and memory, where the NURBS
description of a given particle within the particulate
system comprises a plurality of control points that define
a control polygon bounding the geometry of a NURBS
curve, a knot vector that determines the location of a
plurality of knots, a basis function of a predetermined
degree that determines the number of control points that
influence any given point on the NURBS curve, and a
plurality of weights that determine the effective contri-
bution of a control point on the overall shape of the
NURBS curve;
determining contact points between at least two particles
within the particulate system using the processor of the
processing system based on the NURBS description for
the particle morphology of the at least two particles
contained within the memory of the processing system;
determining a magnitude ofthe contact between the at least
two particles within the particulate system using the
processor ofthe processing system based on the NURBS
description for the particle morphology of the at least
two particles using the processing system by
identifying pairs of intersecting portions of the surfaces
of two particles based on the NURBS descriptions of
the particle morphology of the two particles;
determining a closed intersection loop for the intersect-
ing portions of the surfaces of two particles;
approximating a loop centroid and a loop normal for the
closed intersection loop;
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determining contact points between a line through the
loop centroid extending in the direction of the loop
normal and the surfaces of each of the two particles;

calculating an overlap distance between the two par-
ticles based on the contact points between the line
through the loop centroid extending in the direction of
the loop normal and the surfaces of each of the two
particles; and

quantifying the magnitude of contact based on the over-
lap distance between the two particles;

determining normal forces and associated moments using

the processor of the processing system based upon the

contact points and the magnitude of the contact between

the atleast two particles contained within the memory of

the processing system by:

determining a normal elastic stiffness for a contact
between two particles;

determining the overlap distance between the two par-
ticles;

calculating a normal force for each of the two particles
using the normal elastic stiffness and the overlap dis-
tance between the two particles; and

calculating an associated moment due to the calculated
normal force for each of the two particles;
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determining tangential forces and associated moments

using the processor of the processing system based upon

the contact points and the magnitude of the contact

between the at least two particles contained within the

memory of the processing system:

determining angular velocities for each of the two par-
ticles;

determining translational velocities for each of the two
particles;

calculating an increment in tangential force for each of
the two particles;

calculating a tangential force accounting for incremental
rotation of the contact plane for each of the two par-
ticles; and

calculating an associated moment due to the tangential
force for each of the two particles; and

performing mechanical analysis of the particulate system

using the processor of the processing system based on

data describing the contact between the at least two

particles and the resulting forces and associated

moments contained within the memory of the process-

ing system.



